We consider type IIB string theory compactified on an 8-dimensional Spin(7) manifold with N D5-branes, undergoing a conifold transition to a geometry with no branes and N units of dual 3-form RR flux through appropriate 3-cycles. We show that at constant IIB coupling, in the limit of large N and finite 't Hooft coupling, this conifold transition can be lifted to a purely geometric S 5 flop in the 11-dimensional space of an equivalent F-theory without branes and fluxes. The S 5 flop in this equivalent F-theory is a higher-dimensional analogue of the S 3 flop in M-theory on a G 2 manifold discovered by Atiyah et al., albeit resulting in a theory with N = 1 in d = 2 instead of d =
Introduction
Topology changing transitions have long been observed in Type II string theory compactified on Calabi-Yau 3-folds. Broadly speaking, the transitions can be classified into two groups. The first group involves flop transitions, where a 2-cycle of the Calabi-Yau shrinks to zero size and is subsequently replaced by a new, inflating 2-cycle [1, 2] . These flop transitions are smooth, in the sense that they can be described by a continuously varying parameter in the Gauged Linear Sigma Model of ref. [2] . Note that the flop transition does not change the Hodge numbers h 1,1 and h 2,1 of the original Calabi-Yau 3-fold. However, the intersection numbers of the various 2-cycles do change. Mathematically speaking, the 3-folds on both sides of the transition are in the same birational equivalence class. Thus, these are also known as birational flops. These flops can also occur in higher-dimensional manifolds [3] , which will then involve higher-dimensional cycles shrinking and inflating as described above.
The second group involves conifold transitions. In the case of the CY 3-fold, this is described by a shrinking 3-cycle and an inflating 2-cycle [4] . Note that the dimension of the CY on each side of the transition remains the same even though different-dimensional cycles have shrunk and blown up. They are mathematically known to correspond to the deformation and resolution of the conifold for the CYs before and after the transition. Moreover, there is no physical restriction on the order of the transitions. We could start with the resolved conifold having a 2-cycle and transition to the deformed conifold having a 3-cycle or vice versa. Likewise, these conifold transitions can also occur in higher-dimensional manifolds involving higher-dimensional cycles [5] .
By adding branes which wrap the shrinking cycles whilst letting its remaining directions fill out the uncompactified part of spacetime, these geometric transitions have been used as tools to better understand the following relationship: the large N duality between the SU(N) gauge theories on the 4-dimensional worldvolume of the N D-branes and the closed topological string models on the CY 3-folds [6, 7] . It was shown for IIA string theory in ref. [7] that there is a large N gauge/string duality whenever we have N D6-branes wrapping the shrinking S 3 of the non-compact T * S 3 , whereby the vanishing branes are then replaced with N units of dual 2-form RR flux through the S 2 in the resolved conifold O P 1 (−1) ⊕O P 1 (−1).
IIA conifold transition [8] . Specifically, the conifold transition in IIA with branes and fluxes was lifted to a purely geometric S 3 flop in the equivalent M-theory on a G 2 manifold without branes and fluxes in ref. [3] . In a similar spirit, type IIA compactification on a 7-dimensional G 2 manifold undergoing a flop transition with D-branes and RR fluxes was considered and lifted to a purely geometric conifold transition of an 8-dimensional Spin(7) manifold in Mtheory without D-branes and RR fluxes in ref. [5] . It was shown that this Spin ( The main aim of this paper is to demonstrate that in the limit of large N, at a special point in the moduli space of F-theory compactifications on the elliptic fibration of this Spin(7) manifold where the complexified IIB coupling is constant, 1 a conifold transition of this Spin(7) manifold in type IIB can be lifted to a purely geometric S 5 flop in the 11-dimensional space of an equivalent F-theory without branes and fluxes. To show this, the paper will be organised as follows. In section 2, we will review some aspects of F-theory compactifications and describe the special point in moduli space whereby the corresponding IIB coupling is constant. In section 3, we will review the symplectic quotient representation of odd-dimensional spheres and discuss their relationship with the Spin(7) conifold transition conjectured in ref. [5] . In section 4, we show that under the gauge/string duality condition of large N and finite 't Hooft coupling, the Spin(7) conifold transition in type IIB at constant coupling can be lifted to a purely geometric flop in the equivalent F-theory as mentioned.
In section 5, we discuss possible generalisations of our results and some open questions.
F-theory Compactifications on Elliptically Fibred Manifolds
The main advantage of F-theory is that it provides a geometrically economical way to describe the physics of Type IIB vacua with D7-branes and a varying complexified coupling.
The complexified IIB coupling is given by τ (z) = C 0 (z) + ie −Φ(z) , where τ (z) is the complex structure of an associated torus, C 0 (z) is the RR axion field, Φ(z) is the dilaton field and e −Φ(z) = 1/g s . Here, g s is the usual closed string coupling constant and z is the coordinate on an associated 2-sphere. It was found in ref. [11] 
where x, y, z ∈ C and f, g are constants. This is a T 2 constructed from 2 copies of CP where
The discriminant is given by
The torus fibre degenerates when j(τ (z)) is singular and this happens when ∆ = 0. In the case of the elliptic K3, there are 24 degenerate points over S 2 . This means that f (z) is a polynomial of degree 8 and g(z) is a polynomial of degree 12 in z. This need not be the case for general elliptic fibrations of CP 1 .
F-theory dual to IIB at constant coupling was considered by Sen [13] to establish an equivalence between F-theory on K3 and Type I theory on T 2 . We shall consider this special point in the moduli space of F-theory compactifications where τ (z) is independent of z. From eq. (2.3) we see that this requires
This can be satisfied by choosing f 3 (z) = αg 2 (z), where α is any chosen constant which gives a particular value of j.
The j-function j(τ (z)) is a modular invariant complex number. It is a 1-1 map of the fundamental region of the torus to the complex plane. If j(τ (z)) = j is constant, the complex structure of the torus τ (z) = τ will also be constant and thus, will not vary along S 2 . Hence, for any choice of α, we have a specific constant value of τ . Because τ (z) is independent of z, the torus over S 2 will not vary. 3 Moreover, it will not undergo monodromy when we traverse closed cycles around any point in S 2 . This implies that the fibre does not degenerate at any location above S 2 . These two features mean that the T 2 fibre structure over the S 2 is trivial,
i.e. we have the simple product space
By using the adiabatic principle [14] , we can extend the above duality between IIB on S 2 and F-theory on K3 by considering further compactifications of F-theory on a elliptic K3 fibration of a base B and IIB compactifications of an S 2 fibration of this same base.
Eventually, we can make the statement that Type IIB on a manifold M is dual to F-theory on an elliptic fibration of M. So at constant coupling, we have the duality between F-theory on T 2 × M and IIB on M. This will be an important point in our discussion later.
Odd-Dimensional Spheres and Spin(7) Conifold Transitions
Consider the n-dimensional projective space CP n . It is defined as follows:
where the C * action acts on the coordinates (φ 1 , ..., φ n+1 ) parameterising C n+1 and is given by C * : (φ 1 , ..., φ n+1 ) → (e iθ φ 1 , ..., e iθ φ n+1 ).
Note that CP n is also a specific example of a symplectic quotient given by a S 2n+1 sphere modulo a U(1) identification of the complex coordinates. In other words, the coordinates (φ 1 , ..., φ n+1 ) parameterising C n+1 obey the following condition on the CP n subspace:
and the projective identification
where e iθ ∈ U(1) and θ ∈ R, while r ∈ R >0 .
Noting that U(1) ≃ S 1 , we can simply write
We can therefore view S 2n+1 as a non-trivial S 1 fibration of CP n as follows:
A well-known example would be S 3 , which is defined as a Hopf fibration of
The Spin(7) conifold transition in M-theory conjectured by Gukov et al. [5] is, up to the topology of the corresponding Spin(7) manifolds, given by M-theory :
In close analogy to the
spaces are called the 'resolution' and 'deformation' of the Spin (7) conifold for convenience.
Strictly speaking, they are two different resolutions of a cone over an SU(3)/U(1) base [5] .
Explicitly, R 4 × CP 2 on LHS of eq. (3.6) is topologically equivalent to a universal quotient bundle over CP 2 , while R 3 × S 5 on the RHS is topologically equivalent to an R 3 bundle over
, where H k (n) is some line bundle with a U (1) action over an S 2 [5] .
In light of the relationship between odd-dimensional spheres and the CP n space as shown in eqs. (3.4) and (3.5), we can express S 5 as a non-trivial
where we have used the subscript S on S 1 S and CP 2 S to identify them with the S 5 . Thus, we can rewrite the Spin (7) conifold transition in eq. (3.6) as
This relation will be important for our discussion in the following section.
Geometric Flop Interpretation of Conifold Transition
In ref. [9, 10] , Type IIB compactification on the 'resolved'/'deformed' Spin ( [6, 7] , it was conjectured in ref. [9, 10] that this 'resolved' conifold would undergo a conifold transition as in eq. (3.8). The CP 2 blows down and the D5-branes wrapping around it vanish as the projective space shrinks to zero volume. This is then replaced by a blown-up S 5 with dual 3-form RR flux 4 through three S 3 cycles. 5 This forms the 'deformed' conifold side of the transition picture with fluxes and no branes. We then have, up to the topology of the corresponding Spin(7) manifolds as usual, 4 It was shown in refs. [15, 16] that the appropriate flux needed to break the right amount of supersymmetry in the absence of branes such that N = 1 on the 'deformed' conifold side, is the RR flux/field strength that is Hodge dual to the 7-form RR flux/field strength due to the D5-branes. 5 It was shown in ref. [9, 10] how the 'deformed' conifold ∼ = R 3 × S 5 can be expressed as a union of three deformed CYs, namely
the following relation in IIB:
IIB :
Recall from section 2 that for IIB at constant coupling, F-theory on T . To stay at finite 't Hooft coupling requires us to remain in the g s → small limit. Since τ is fixed at constant coupling and Im(τ ) is large, radius ofŜ 1 T must be large and fixed while radius ofS 1 T must be small and fixed because (radius ofS 
relationship:
F-theory :
Let us now lift the conifold transition in IIB given by eq. (4.1) to an equivalent 12-dimensional F-theory picture without any branes or fluxes via this IIB/F-theory duality at constant coupling. To do this, we need to extend the prescription employed in ref.
[3] to our case. We must thus embed the fixed-sized circlesS
T in appropriate subspaces of the Spin (7) manifold such that the resulting higher-dimensional space will have the requisite properties to ensure that the equivalent F-theory in this background without branes or fluxes results in the same physics as the IIB background undergoing a Spin(7) conifold transition with branes and fluxes. Specifically, we first choose to embed theS 2) while we define it to be a trivial circle fibration on the RHS. It will be verified shortly that our choices are correct if we want to lift the IIB picture to a purely geometrical background in the equivalent F-theory. It will also be consistent with a geometric flop in this F-theory.
4 is natural due to the following result [17] : there exists a certain hyperkähler moment map µ such that
This identifies R 4 /U(1) ≃ R 4 /S 1 with R 3 , from which the embedding naturally follows.
Likewise, we can embedS Noting this relationship, we proceed to embed the circles as described above. Let us now parameterise the total space as an 11-dimensional subspace of an auxiliary 12-dimensional space characterised by 6 complex coordinates z i , i = 1, 2, ..., 6. We then have, up to the topology of the 11-dimensional space,
As mentioned,S 
On the other hand, we have embeddedŜ 
where R 3 here is the R 3 bundle of the 'deformed' Spin(7) conifold whose base is the S 5 .
Define an action Γ = Z N ⊂ U(1), where Γ is an isometry of a linear R n space. This implies that the action of Γ in R n does not change its local metric properties. In our case, the Γ-action, being a subset of U(1) ≃ S 1 , is therefore chosen to be restricted to the small and fixed-sizedS T is embedded in. The action is thus given by:
where ζ n = e Consider the space on the LHS of eq. (4.4). Notice that the defined ζ n ∈ Z N action has a fixed point at z 1 = z 2 = 0, the origin of theR 4 subspace. Thus, the action of Γ in R 4 gives rise to a singularity in the resulting space that is similar to that of the orbifold
The consequence of this singularity is relevant to our analysis and is elaborated as follows. The McKay Correspondence [18] defines an intricate mathematical relationship between finite subgroups of SU(2) and a simply laced ADE Lie algebra. This correspondence is also found to hold in a physical context when we attempt to geometrically engineer 4-dimensional quantum field theories from string theory compactifications [19, 20] . In essence, the singular ALE space given by C 2 /Λ = R 4 /Λ, where Λ = Z N is a finite subgroup ⊂ SU (2), 
Note thatS 5 is 'hollow'; it excludes the origin z 1 = z 2 = z 3 = 0. Thus, the defined action of Γ via ζ n in eq. (4.9) does not have any fixed points since the Γ-action alongS 1 T acts freely inS 5 . In contrast to the case on the LHS, we do not have any singularities in the resulting space due to this Γ-action and hence, no enhanced non-abelian gauge symmetries.
The gauge symmetries present in the F-theory defined on this background space indeed correspond to that of the IIB theory on the RHS of the conifold transition of eq. Therefore, this ensures that the N = 1 supersymmetry on the LHS is conserved on the RHS as the Spin (7) manifold undergoes a conifold transition to the RHS with no branes to break supersymmetry. Lifting this to F-theory without any fluxes translates into the geometrical condition that the 10-dimensional manifold must preserve 1/32 of the original supersymmetries. Recall that this 10-dimensional manifold is not the trivial product space
T are embedded within certain subspaces in eq. (4.4) as explained thereafter. This is consistent with the fact that the trivial product space will only preserve as many supersymmetries as the Spin (7) space does, which is 1/16 of the original total. We need a factor of 1/32. Again, with respect to the RHS of eq. 
where B 6 is the open 6-ball. As will be explained shortly, the scale where the physics on the RHS of eq. (4.11) is observable will be much smaller than the size of the largeŜ 1 T circle. Therefore, the relationŜ 1 T ≃R T used in the second line on the RHS of eq. (4.11) is valid for the scale and hence the local topology that we will be concentrating on. We can then show that an S 5 flop transition does indeed occur up to a local topology of the 11-dimensional space as follows.
From the IIB picture, the transition on the LHS of eq. been argued to be small in the limit of large N and finite 't Hooft coupling in footnote 6.
Next, extending the argument in ref. [22] to our IIB case, the CP 2 S base ofS 5 is also small due to the following fact: at large N, when the duality conjecture of the Spin (7) conifold transition in the IIB picture is expected to hold, the SU(N) gauge theory on the D-branes' uncompactified worldvolume decouples from the bulk and this implies that the size of the blown-up S 5 in the IIB picture and hence its corresponding CP 2 S base is small. Therefore, for large N, we see thatS 5 should not grow beyond a small size while the actual radius of theŜ 1 T circle is large due to a small g s at finite 't Hooft coupling. This ensures that the limit ofŜ 1 T ≃R T taken in the 11-dimensional space on the RHS of eq. (4.11) is valid at the scale of the observable physics, as mentioned earlier.
On the LHS of eq. (4.11) however, there is no such restriction on the size of CP 2 in the corresponding IIB picture with D5-branes wrapping it. In fact, by extending an argument regarding the IIA CY 3-conifold transition in ref. [3] to our 'reverse' IIB case, it is believed that the wrapped D5-branes description is good for a large CP 2 . In view of its largeŜ 1 T circle fibres, this will imply thatŜ 5 would start off very large and shrink thereafter.
Since we have earlier defined our 11-dimensional space to be a real codimension 1 hypersurface in an auxiliary 12-dimensional Euclidean manifold, the flop can be parameterised as follows:
whereby F r and F −r refer to the spaces on the LHS and RHS of the flop transition in eq. Similar to the 7-dimensional G 2 case, this is an odd-dimensional space, i.e. it cannot be complexified and therefore does not have a globally defined complex structure. There is thus no intrinsic mathematical meaning to writing the equations above in terms of the six complex z i s, except that it helps compactify the representation of 12 cumbersome real coordinates.
It is clear from the parameterising equations of (4.12) that the 5-spheres are subspaces of F r and F −r given byŜ 5 :
However, it is not obvious how the R 6 comes about. To prove that the definitions in eq.
(4.12) are consistent with the relations F r ∼ =R 6 ×Ŝ 5 and F −r ∼ =S 5 ×R 6 , we extend a proof in ref.
[23] to our case. Let us define a map as follows:
where
(4.14)
From the mapped coordinates (z
it defines a 5-sphere of unit radius. Notice also from the second relation in ρ + that the map ( Note that unlike the toric manifold O P 1 (−1) ⊕ O P 1 (−1), we do not have a (2,2) GLSM [2] description of the flop in 11 dimensions, which has been conveniently parameterised by eq. (4.12) up till now. This is because the (2,2) or (0,2) GLSM admits as its vacuum space only toric manifolds, hypersurfaces in (weighted) projective spaces or intersections of hypersurfaces in (weighted) projective spaces. This means that the manifold must at least be complexifiable and therefore of an even dimension. As mentioned earlier, our manifold is odd-dimensional and is hence non-complexifiable.
The large N duality conjecture states that the physics should be equivalent before and after a conifold transition. This was shown to be true in the IIA case up to an equivalence of the superpotential terms in the supersymmetric theory of the non-compactified spacetime to all orders in 1/N [7] . This duality conjecture of the IIB theory at constant coupling lifts to an equivalence statement in the corresponding equivalent F-theory. Let us formulate this equivalence statement next.
Let us first define a new parameterisation for the 11-dimensional space as:
Next, let us define the following actions on the Z i coordinates in B(R F ) as: 
The physical interpretation of the equivalence statement above is as follows. Let us view r F as a continuous parameter of a theory with a G action defined for all values of r F such that r F governs the radius of a 5-sphere in the background space. As we vary r F : R >0 → R <0 , the theory for negative values of r F and hence 'negative' 5-sphere radius can be described by a 'dual' theory with a positive 5-sphere radius given by |r F | and a G ′ action as defined in eq. (4.16). A smooth 5-sphere flop transition can thus be viewed as a result of varying a parameter r F : R >0 → R <0 in a single underlying universal theory.
Finally, let us now re-cast in a more rigorous mathematical formalism, the heuristic prescription of the geometric lift which has resulted in the equivalence between the IIB Spin(7) conifold transition at constant coupling with branes and fluxes, and F-theory with a purely geometric S 5 flop. Recall that Γ = Z N is an isometry of the spaceR 4 . Moreover, its action, being defined to act along theS As such, we can give an equivalent definition of the Γ-action in terms of the spaces X + and X − via the following quotient maps:
and
Note here that X + is a singular manifold with an A N −1 singularity from the (R 4 /Γ) subspace.
X − however, is a smooth manifold since the (S 5 /Γ) subspace, which is analogous to the smooth lens space S 3 /Γ, does not have any singularities.
In the spirit of Grassi and Rossi [23] , let us define maps from the equivalent F-theory background to the IIB background:
20)
where Similarly, we can define
where 
From these relations, we can formally translate the equivalence between the IIB Spin (7) conifold transition at constant coupling with branes or fluxes and F-theory with a purely geometric S 5 flop, into the following commutative diagram:
N D5-branes N 3-form RR flux (4.30)
Discussion
We have shown that Type IIB theory at constant coupling with branes and fluxes, compactified on a Spin(7) manifold undergoing a conifold transition whilst respecting a large N gauge/string duality, can be lifted to a purely geometric S 5 flop in the 11-dimensional space of an equivalent F-theory, with no branes or fluxes. At constant coupling, the trivial elliptic fibration of the Spin(7) space in the corresponding dual F-theory allows one to embed the two 1-cycles of the associated T 2 as circle fibrations over appropriate subspaces in the relevant 10-dimensional manifold. As a result of the choices of embedding, an A N −1 type singularity will either be present or absent in this manifold due to a Z N action along one of these circles. This enables one to account for both the non-abelian gauge symmetry due to N D5-branes in the IIB picture and the corresponding 3-form RR fluxes. As such, we can geometrically lift the conifold transition in IIB to an S 5 flop in an F-theory compactified on this 10-dimensional space without branes or fluxes. Similar to the S 3 flop of a G 2 manifold in M-theory conjectured by Atiyah et al. [3] , the S 5 flop has been shown to occur up to a topology of the respective manifolds. However, some open questions remain; they are described in the following.
Firstly, the explicit construction in ref. [5] of the Spin(7) manifold involves non-trivial bundles over CP 2 and S 5 . They were noted to be topologically equivalent to the spaces R 4 × CP 2 and R 3 × S 5 on the left and right sides of the conifold transition respectively.
These topological relations allowed us to demonstrate the occurrence of an S 5 flop. The general IIB/F-theory vacua would involve a IIB compactification on a Spin(7) D-manifold at varying coupling in the presence of D7-branes and fluxes. In this case, the elliptic fibre over the Spin(7) manifold will degenerate at certain points in the corresponding F-theory, thus resulting in a non-trivial elliptic fibration of the manifold. It is not clear to us if we can extend the prescription of ref. [3] for the G 2 flop to this general case whereby the IIB and Ftheory are dual via a non-trivial elliptic fibration rather than a trivial circle or T 2 fibration as in the IIA/M-theory case or our specific example of constant coupling respectively. Further investigation into this aspect will enable us to see if a flop transition can also occur in the most general IIB/F-theory vacua.
Secondly, it is not clear at this point in time what kind of holonomy the constructed 10-dimensional manifold should possess. As mentioned earlier, it has to preserve 1/32 of the original supersymmetries. The correctness of the conjectured holonomy can be further verified as follows: in ref. [3] , the symplectic form of the resolved conifold O P 1 (−1)⊕O P 1 (− 1) was obtained via a 'Kaluza-Klein' reduction of a 3-form related to the G 2 manifold in the M-theory. The reduction involves the integration of the 3-form around the S 1 circle to arrive at a symplectic 2-form in the lower-dimensional IIA theory. In this case, it means that the corresponding choice to embed the S 1 circle in a specific subspace to arrive at the G 2 manifold is not just physically consistent, but mathematically so as well. To ensure further mathematical consistency in the explicit form of the metric/holonomy to be obtained for our 10-dimensional manifold, we can do likewise and look for a related specific 4-form, whereby 'Kaluza-Klein' reduction of this 4-form via integration over theS 1 T andŜ 1 T circles will give us a 2-form. Mathematical consistency will then allow for a match between this 2-form and a symplectic 2-form of the Spin(7) manifold, if the manifold possesses a symplectic structure at all. Finding the holonomy and hence the explicit form of the full 11-dimensional metric will definitely provide further insights into the flop transition.
Last but not least, it would be interesting to investigate if an additional moduli branch is present at the r = 0 point of our 11-dimensional S 5 flop. An example would be the case of a G 2 manifold constructed as a resolution of a cone over an SU(3)/U(1) 2 base by Atiyah and
Witten [17] . It was shown that there exists phase transitions between three moduli branches, each corresponding to a different classical spacetime background. These interesting issues are left for future investigation.
